Abstract. The Rényi entropies R p [ρ], p > 0, 1 of the highly-excited quantum states of the D-dimensional isotropic harmonic oscillator are analytically determined by use of the strong asymptotics of the orthogonal polynomials which control the wavefunctions of these states, the Laguerre polynomials. This Rydberg energetic region is where the transition from classical to quantum correspondence takes place. We first realize that these entropies are closely connected to the entropic moments of the quantum-mechanical probability ρ n (r) density of the Rydberg wavefunctions Ψ n,l,{µ} (r); so, to the L p -norms of the associated Laguerre polynomials. Then, we determine the asymptotics n → ∞ of these norms by use of modern techniques of approximation theory based on the strong Laguerre asymptotics. Finally, we determine the dominant term of the Rényi entropies of the Rydberg states explicitly in terms of the hyperquantum numbers (n, l), the parameter order p and the universe dimensionality D for all possible cases D ≥ 1. We find that (a) the Rényi entropy power decreases monotonically as the order p is increasing and (b) the disequilibrium (closely related to the second order Rényi entropy), which quantifies the separation of the electron distribution from equiprobability, has a quasi-Gaussian behavior in terms of D.
Introduction
Harmonicity is one of the most frequent and useful approximations to simplify and solve the Schrödinger equation of the physical many-body systems. It often provides a deeper quantitative insight into the physical system under investigation, and in many cases allows for the conceptual understanding of physics in a straightforward and intuitive way. Moreover, the solutions of the wave equations of complex physical systems within this approximation are very valuable tools for checking and improving complicated numerical methods used to study such systems.
The one-dimensional isotropic harmonic oscillator first and then the D-dimensional (D > 1) oscillator, have been widely used through the history of physics since the 1926-dated seminal paper of Heisenberg [1] . Indeed they have been used in a great diversity of fields from fractional and quantum statistics [2, 3] up to quantum many-body physics [4, 5, 6, 7, 8, 9, 10, 11, 12] and black-holes thermodynamics [13, 14] , and they have been applied to gain insight a e-mail: dehesa@ugr.es into numerous quantum phenomena and systems ranging from heat transport [15] and entanglement [16, 17] to Keppler systems [18] , quantum dots [19, 6, 20] , neural networks [21] , cold atomic gases [22, 23] and systems with ontological states [24] . Let us also remark that the oscillator wavefunctions saturate the various mathematical realizations of the quantum uncertainty principle of Heisenberg and entropic types, which are based on the variance and its moment generalizations (Heisenberg-like uncertainty relations) [25, 26] and the Shannon entropy [27, 28] , Rényi entropy [29, 30] and the Fisher information [31, 25] (entropic uncertainty relations), respectively.
The spatial extension or spreading of the position probability densities ρ(r) of a D-dimensional isotropic harmonic oscillator, which control all its fundamental properties, has been examined by means of their central moments, particularly the second one (i.e., the variance) [26] . It can be complementarily described in the framework of Information Theory by use of the entropic moments of these densities and some related entropic measures [32, 33, 34, 35, 36, 37] , what is much more adequate because they do not depend on any specific point of their domain of definition, contrary to what happens with the moments about the origin and the central moments. The entropic moments of ρ(r) are defined as
where the position r = (x 1 , . . . , x D ) in hyperspherical units is given as (r, 
Note that these quantities include the Shannon entropy (which measures the total extent of the density),
, and the disequilibrium (which quantifies the separation of the density with respect to equiprobability), ρ = exp(R 2 [ρ]), as two important particular cases. For a revision of their properties see [38, 39, 40, 41, 42, 43, 44] and the reviews [45, 46] . The Rényi entropies and their associated uncertainty relations have been widely used to investigate a great deal of quantum-mechanical properties and phenomena of physical systems and processes [29, 45, 46, 44] , ranging from the quantum-classical correspondence [47] and quantum entanglement [48] to pattern formation and Brown processes [49, 50] , fractality and chaotic systems [51, 52] , quantum phase transition [53] and disordered systems [54] . Moreover, the knowledge of these quantities allows us to reconstruct the corresponding probability density under certain conditions [41, 55] .
In this work we will investigate the Rényi entropies of the quantum D-dimensional oscillator states of the potential V D (r) = 1 2 λ 2 r 2 , which are known to be described in position space [33, 56] by the eigenfunctions
and the corresponding energetic eigenvalues
where n = 0, 1, 2, . . . and l = 0, 1, 2, . . .. The symbol L α n (t) denotes the Laguerre polynomial of paramater α and degree n (see definition in Eq. (18) below), and Y l,{µ} (Ω D ) represents the hyperspherical harmonics defined by
with the normalization constant
where the orbital quantum number l and the magnetic quantum numbers {µ} are integers satisfying
and the symbol C λ n (t) denotes the Gegenbauer polynomial of degree n and parameter λ. Atomic units are used throughout the paper.
Then, the position probability density of the D-dimensional isotropic harmonic oscillator is given by the the squared modulus of the position eigenfunction as follows
where x = λ r 2 and
is the weight function of the orthogonal and orthonormal Laguerre polynomials of degree n and parameter α, here denoted by L α n (x) and L α n (x), respectively. Moreover, it is known [33] that the probability density in momentum space (i.e., the squared modulus of the Fourier transform of the position eigenfunction) is given by
Then, by keeping in mind Eqs. (1) -(2), the main problem in this work is to calculate the quantities
where we have used the unity normalization of the hyperspherical harmonics
and the radial density function ρ n,l (r)
For the low-energy quantum oscillator states (i.e., for low values of the principal quantum number n), the analytical expressions of the associated Laguerre polynomials are tractable and the corresponding entropic moments W p [ρ n,l ] can be numerically calculated by various accesible quadrature formulas in an effective and sufficiently accurate way. Then, it remains the truly dificult problem: the evaluation of the asymptotics of the quantities
which represent the entropic moments of the Rydberg (high-energy) oscillator states. This is the purpose of the present work: to solve this problem in a fully analytical way. Thus, by looking at the expressions (9) and (10), this problem converts into an important issue, not yet solved, of the modern Approximation Theory: to study the asymptotics (n → ∞) of the L p -norm of the Laguerre polynomials
where
(12) We note that (7) and (12) guarantee the convergence of integral (11) at zero; i.e. the condition
is always satisfied for physically meaningfull values of the parameters (12).
Asymptotics of L p norms of Laguerre polynomials
In this section we will determine the asymptotics (n → ∞) of the integral functionals N n,l (D, p) of the (orthonormal) Laguerre polynomials L First of all we will make some general comments about the different regions of integration, pointing out the various asymptotical regimes of the Laguerre polynomials and the corresponding dominant contribution. Then, we give the asymptotical results of N n,l (D, p) for all the possible pairs (D, p) in the form of three theorems. Finally we give a detailed proof of these theorems.
In fact, to make the (0, ∞)-integration in (11) for the different values (12) of the parameters we have various regions where the Laguerre polynomials have a precise asymptotical representation. First, in the neighborhood of zero (i.e. the left end point of the interval of orthogonality) the Laguerre polynomials can asymptotically be represented by means of Bessel functions as it is pointed out below. Then, to the right, in the bulk region of zeros location, the oscillatory behavior of the polynomials is modelled asymptotically by means of the trigonometric functions; and at the neighborhood of the extreme right zeros, asymptotics of the polynomials is given by Airy functions. Finally in the neighborhood of the infinity point, the polynomials has growing asymptotics. Moreover there are regions where these asymptotics match each other. Namely, asymptotics of the Bessel functions for large arguments match the trigonometric function, as well as asymptotics of the Airy functions do the same. Altogether there are five asymptotical regimes which can give (depending on D and p) the dominant contribution in the asymptotics of N n,l (D, p) . Three of them exhibit the growth of N n,l (D, p) with n by following a power law with an exponent which depends on D and p. We call these regimes as Bessel, Airy and cosine (or oscillatory) regimes. Associated to each of these regimes, there is a characteristic constant whose value (as shown below) is
for the Bessel regime,
for the Airy regime, and
(15) for the cosine regime. The symbols J α (z) and Ai(−z) denote the known Bessel and Airy functions [57] , respectively, defined below; see Eqs. (20), (25) and (26) . In addition, there are two asymptotical regimes corresponding to the transition regions, cosine-Bessel and cosineAiry. If these regimes dominate in integral (11) , then the asymptotics of N n (D, p) has a factor ln n besides the power law in n. It is also curious to mention that if these regimes dominate then gamma factors in constant C(β, p) in (15) for the oscillatory cosine regime explode. For the cosineBessel regime it happens for β + 1 − p/2 = 0, and for the cosine-Airy regime it happens for 1 − p/2 = 0.
Asymptotics of the Laguerre polynomials
Let us now give the asymptotical representation for the Laguerre polynomials L (α)
with the norm
For the distinct scales of the variable x with respect to n the Laguerre polynomials have different asymptotics as indicated above. For the Bessel regime (i.e. when x is small with respect to n) there is Hilb asymptotics (see [58] , eq.(8.22.4)):
and the Bessel function is defined by
For the transition region between Bessel regime and oscillatory regime we use the asymptotics of the Bessel function [57] :
(21) The regimes of oscillatory, growing and Airy types are described by the Plancherel-Rotach asymptotics [59, 58, 60] :
-And for
where the Airy function A(t)
is the solution of the equation
In (14) we use normalization for the Airy function as
During the last two decades there was an essential progress in proving global asymptotical representations for orthogonal polynomials (see Deift et al [61, 62, 63] , Wong et al [64, 65] and others [60, 66] ). In practice it means that classical asymptotics formulas (like Hilb and PlancherelRotach) hold true in wider domains providing matching of the asymptotics in the transition zones (for example, see in [60] for Hermite polynomials). In our paper we assume that matching of the classical asymptotics holds true for Laguerre polynomials as well.
Main results
Now we are going to state our main asymptotics results. We split them in three theorems.
The weigthed L p -norms of Laguerre polynomials N n,l (D, p), given by (11) , have the following asymptotical (n → ∞) values: Comments: Let us note that
so that from (15) we have C(β, p) = ∞. Thus, when D > 2 we have: for p ∈ (0, p * ) the region of R + where the Laguerre polynomials exhibit the cosine asymptotics contributes with the dominant part in the integral (11) . For p = p * the transition cosine-Bessel regime determines the asymptotics of N n,l (D, p * ), and for p > p * the Bessel regime plays the main role.
Let us also highlight that the L p -norm is constant (i.e., independent of n) and equal to C B (α, β, p), only when (p − 1)D/2 − p = 0. This means that the constancy occurs either when D = 
where the constants C and C B are defined in (15), (13) respectively, and the parameter α ≡ α(l, D) is given by (12) .
Comments: A peculiarity of the case D = 2 is the following. We have from Theorems 1 and 2
However, from Theorem 1 we have
On the other hand, Theorem 2 states:
Indeed, as we shall prove it below, the magnitude of integral N n (2, 2) is performed mainly by two regions of R + (with the same order of contribution). The first one is at the origin (Bessel-cosine regime), and the second one is around the right-extreme zeros of the Laguerre polynomials (Airy-cosine regime). The first region gives the contribution in N n (2, 2) as in (29) . The second one gives the rest of the contribution
Thus for D = 2 and p = 2 we have the competition of two transition regimes, namely the Bessel-cosine and Airycosine regimes. Let us also highlight that the L p -norm is constant when p = 1, being its value C(0, p) = 1. The third, final, result on asymptotics of N n (D, p) (we recall β is defined in (12) ) is the following. D ∈ [0, 2) . The weigthed L p -norms of Laguerre polynomials N n,l (D, p), given by (11) , have the following asymptotical (n → ∞) values:
Theorem 3 Let
where p := −2 + 3D −4 + 3D , and
where the constants C, C A and C B are defined in (15) , (14) and (13) respectively, and the parameters α ≡ α(l, D) and β ≡ β(p, D) are given by (12) .
Comment: Here we see, that the oscillatory regime in (31) for p ∈ (0, 2) matches the same regime in (27) and (28) for p < p * . But for p = 2 the Airy-cosine regime wins versus Bessel-cosine regime and we have only contribution of (28) in N n (D, p) . For p ≥ 2 we get a new phenomena: the role of the oscillatory regime disappears and for the first time the Airy and Bessel regimes becomes competitive.
Here, the limits as n → ∞ of the L p -norm is constant when p = 1, β = − 
Proofs
For all three theorems we use the unified approach. We split the domain of integration R + of (11) into nine inter-vals as
and 
for some big M > 0, small ε > 0 and θ > 0. Then we replace L Eventually we estimate the contribution of each integral from {I j } 9 j=1
finding the dominating terms.
Proof of Theorem 1
Here we have D > 2 and p * = I j , the main contribution for this case is given by I 1 . We have
Making the change of the variable t := √ Nx, we continue
The last integral converges at zero. Indeed, the integrand has there the order of singularity 2p α + 2β + 1 > −1 due to (12) . The order of singularity of the integrand at infinity is 2β + 1 − p < −1 due to p > p * . Since the parameter M is arbitrary in our partition of R + in (36)), we take M → ∞ and obtain
In fact, the contribution in N n,l of the remaining integrals I j , j = 2, . . . , 9 for D > 2, p > p * is less (we will see it latter). Thus, due to (12) and (13), asymptotics (39) is the same as in (27) for p > p * . Now, let us consider the case p = p * . Then, the dominant behavior is coming from the two integrals I 2 and I 3 . Indeed, we have from (38) that
We note that from (12) we have
Taking into account the asymptotics of the Bessel function (21), we have the following estimation or I 2 :
Using ( [67] , Lemma 2.1) we can continue for n → ∞ as
The first integral is
Computing the second integral for p = p * (see (41)), we obtain
The Plancherel-Rotach asymptotics (22) for ϕ = arccos
can be transformed to
.
(44) Substituting it in I 3 and using ( [67] , Lemma 2.1) we have for
Thus, I 3 gives the same contribution in N n,l (D, p * as I 2 in (43)
We see from (40) that for p = p * the contribution from I 1 in N n,l (D, p * ) is less than that from I 2 and I 3 . The same can be shown for the contribution of other integrals. Thus, summing up (43) and (45) we arrive at (27) for p = p * . It remains to consider the case p ∈ (0, p * ). The dominant contribution here is given by I 3 . Substituting asymptotics (44) in I 3 , making the change of variable t := x 4n and using ( [67] , Lemma 2.1) we arrive to
The last integral can be evaluated explicitly as
Thus, we obtain (1)) .
(46) It is clear that the contributions of I 1 and I 2 are less than I 3 . The same can be shown for the contribution of other integrals. Theorem is proved.
Proof of Theorem 2
Here we have D = 2. Then, β ≡ 0 and p * = 2.
Let us start with the case p > 2. As for the case (D > 2, p > p * ), according to (35) - (36) we can see that the dominant contribution in N n,l (D, p) is given by I 1 . Indeed, we have
Since M is an arbitrary constant, we let M → ∞. At the same time, we see that the sum J 6 + J 7 also gives a perceptible contribution
Thus the only contribution of I 1 plays the role, and we obtain (28) for p > 2.
Let us now consider the case p = 2. In comparison with the case (D > 2, p = p * ), not only the transition zone for the Bessel-cosine regimes (i.e. integrals I 2 and I 3 ) plays the role, but the transition zone for the cosine-Airy regimes (i.e. integrals I 4 and I 5 ) plays the role too.
For I 2 and I 3 , substituting p * = 2 in (43) and (45), we get
The second transition zone is (4 − ε)n, 4n − n 1/3+θ ∪ 4n − n 1/3+θ , 4n − M · n 1/3 . For the oscillatory Plancherel-Rotach asymptotics (22) we have
(50) For I 5 using (24) and asymptotics for the Airy function (see in [63] )
we obtain 4n−Mn
Summing (50), (51) and (49), we obtain (28) for p = 2. The remaining case is p < 2. Here we proceed in the same manner as for the case (D > 2, p < p * ), and we obtain (46) for β = 0. Theorem is proved.
Proof of Theorem 3
Here we have D ∈ [0, 2), β > 0 for p > 1; therefore p * = 2, as in the previous case.
Let us start with the case p > 2. Now the competition between I 1 and I 6 + I 7 becomes crucial. We already know for I 1 from (39) that
To obtain the asymptotics for n −p α (I 6 + I 7 ) we substitute x β in the left-hand side of (47)
Now, instead of inequality (48) we have for D > 4/3 the solution p =p of the equation (where β is from (12))
Thus, we have obtained (33) and (32) . Now let us consider that p = 2. In comparison with the previous cases, we have that the only contribution which plays a role is coming from the transition zone for the cosine-Airy regimes. Substituting x β in the left-hand sides of (50) and (51) we arrive at (31), p = 2.
Finally for p ∈ (0, 2), we have
Thus, only the oscillatory integral I 3 gives the contribution to the asymptotics of N n,l (D, p), and from (46) we complete proof of (31). Theorem is proved.
Rényi entropy powers for Rydberg D-dimensional oscillator states
In this section the asymptotical results obtained in the previous section are applied to obtain the Rényi entropies (or better, the Rényi entropy powers, which have position physical units) of the Rydberg states of the multidimensional harmonic oscillator. The Rényi entropy powers,
, of the density ρ is given by
Taking into account Eqs. (2), (8), (9) and (11), we obtain the following expressions
for the Rényi entropies and the Rényi entropy powers, respectively, of an arbitrary quantum state of the D-dimensional isotropic harmonic oscillator in terms of the L p -norms N n,l (D, p) of the orthonormal Laguerrre polynomials associated to the state wavefunction given by the three previous theorems. The involved parameters within the norms,
, are taking from (12) . Note that these information-theoretic quantities depend on the spatial dimension D as well as on the order parameter p for each pair (n, l). In the numerical calculations performed heretoforth we will assume that λ = 1 without any loose of generality. Atomic units are used everywhere as already pointed out.
Let us now discuss these two Rényi-type quantities with D ≥ 2 and q 1 from Eqs. (53) in various ways. The Rényi entropies for the Rydberg states of the onedimensional isotropic harmonic oscillator have been recently studied [68] in a monographic way, because the polynomials involved in this case are of Hermite type. The limiting case p → 1 (Shannon entropy) will be analyzed separately elsewhere for any D-dimensional oscillator system. First, in Figure 1 we study the variation of the Rényi entropy power, N p [ρ], with respect to the order p for the Rydberg oscillator state (n = 50, l = 0) with D = 2( ) and D = 4( ). We observe that in both cases, the Rényi entropy power decreases monotonically as the order p is increasing; in fact, this behavior holds for any dimensionality D > 1. Moreover it is very fast, indicating that the quantities with lowest orders (particularly the case p = 2, closely related with the disequilibrium) are most significant for the quantification of the spreading of the electron distribution of the system. Second, we explore the dependence of the pth-order Rényi quantities of the Rydberg-state region in terms of the principal hyperquantum number n when (l, p, D) are fixed. To exemplify it, we will examine the case p = 2 for the Rydberg (n, l = 0) ≡ (ns)-states of the threedimensional oscillator. From (8) , (9), (11), (53) and Theorem 1, one has that for p = 2 and D = 3, the second-order Rényi entropy and the disequilibrium (the inverse of the Rényi entropy power) of the Rydberg state (n, l) are given by
(1 +ō (1)),
since the disequilibrium (or average density of the distribution ρ) is defined as D[ρ] := ρ(x) 2 dx. Moreover, for the (ns)-states the C B -constant given in (13) can be explicitly calculated, so that the second-order Rényi entropy and the disequilibrium of the Rydberg (ns)-states of the three-dimensional harmonic oscillator has the following behavior
respectively. The case (l = 0, p = 2, D = 2) as well as the case (l = 0, p = 2, D = 6) are plotted in Figures 2-3 , which gives the variation of the disequilibrium, D[ρ], with respect to n for the Rydberg oscillator (ns)-states of the two-and six-dimensional harmonic oscillator, respectively. We observe that the behavior with respect to n for the disequilibrium of these states has a decreasing (increasing) character in the two (six)-dimensional oscillator.
On the other hand, one can realize from (53) and Theorem 1 (see the last lines of the comments to this theorem) that the disequilibrium for the case (l = 0, p = 2, D = 4) has the constant value 0.4053. So that, most interesting, we find the following phenomenon: the disequilibrium of the Rydberg (ns)-states of D-dimensional oscillator decreases (increases) as a function of the principal hyperquantum number n when the dimensionlity D is less (bigger) than 4, and it becomes constant when D = 4. In fact we should not be surprised that the disequilibrium as a function of n changes when the spatial dimensionality is varying. This also happens for all physical properties of a quantum system at different spatial dimensionalities, since the physical solutions of their corresponding wave equations (e.g., Schrödinger) are so different (see e.g., [56] ). The novelty is that the character of the disequilibrium behavior as a function of n changes so much, pointing out the existence of a critical dimensionality at which it is constant. In Figure 4 , we illustrate the variation of the disequilibrium, D[ρ], as a function of l for the Rydberg states (n = 50, l) of the four-dimensional harmonic oscillator. We observe that its behavior is monotonically decreasing when l is increasing. In fact this property holds for D ≥ 2. Figure 5 for the disequilibrium
−1 of the Rydberg state (l = 0, p = 2, n = 50) of the oscillator with various integer values of the dimensionality D. We observe that the disequilibrium has a quasi-Gaussian form when D is increasing, so that finally it vanishes for a given, sufficiently large value of D. Most interesting is that the maximum of the Rényi entropy power is located at D = 12, which surprisingly corresponds to the universe dimensionality predicted by certain string theories [69] . Nevertheless, we should point out that for higher Rydberg states the maximum of the disequilibrium is located at larger dimensionalities. This indicates that the nearer the classical limit is, the larger is the dimensionality required for the disequilibrium (i.e., separation from equiprobability) to reach its maximum. 
Conclusions
The macroscopic properties of a quantum many-particle system essentially depend on the spreading of its quantummechanical Born one-particle distribution ρ(r), as proved by the functional-density theory. This spreading can be completetely described by the knowledge of the moments W p [ρ] of ρ(r) or by some closely related informationtheoretic quantities, the Rényi entropies R p [ρ], which often describe some fundamental properties of the system and/or are experimentally observable. These quantities, however, cannot be analytically accessible, even not for the simplest harmonic systems unless we consider the ground state and the first few lowest-lying excited states.
In 2012 the Shannon entropy, which corresponds to the limiting case p → 1 of the Rényi entropy, was determined for the highest-lying (Rydberg) states of the onedimensional harmonic oscillator [68] whose wavefunctions are controlled by Hermite polynomials.
In this paper we extend this result in a two-fold way: we determine in an analytical way the Rényi entropies of all orders for the Rydberg states of a D-dimensional harmonic oscillator, whose wavefunctions are known to be controlled by Laguerre polynomials. To do that we first realize that the Rényi entropies can be explicitly expressed in terms of the L p -norms of the Laguerre polynomials, and then we develop a method to analytically calculate the leading term of the asymptotics of these norms when the polynomial degree is very high.
Later, a number of physical results are found. First, for a given Rydberg state the Rényi entropy has a very fast decreasing behavior as the parameter order is increasing, indicating that the Rényi entropies with lowest orders are most significant. Then, for illustration, we study in detail the second-order Rényi entropy (i.e., the disequilibrium) of the system, which quantifies the separation of the electron distribution from equiprobability. It is found that it has a bell-like quasi-Gaussian behavior in terms of D, its maximum being located at D = 12 which is the universe dimensionality predicted by certain string theories [69] . Let us here comment that geometrical quantities associated with D-dimensional hyperspheres (such as surface area) also exhibit this kind of behavior (with the corresponding bell-like function centered around a different D-value). This suggests that the behavior of the disequilibrium may have a geometrical origin in terms of basic properties of hyperspheres. Moreover, the disequilibrium of the Rydberg (ns)-states of D-dimensional oscillator decreases (increases) as a function of the principal hyperquantum number n when the dimensionlity D is less (bigger) than 4, and it becomes constant when D = 4. Needless to say that much more efforts have to be done before making exotic statements.
Finally, these results are potentially useful in the study of entropic uncertainty relations. Moreover, they might also be relevant in connection with quantitative entanglement indicators. Rényi entropies have been recently used for this purpose (see e.g., [70] ). We believe that the analytical technology here developed could be useful in relation to entanglement-like studies in quantum information. numerical discussions with Dr. Pablo Sánchez-Moreno are acknowledged.
